
6. N . A .  Nikolaev,  V. A. Bulkin, and B. M. Azizov,  Technica l  and Economic  Information:  Operat ion,  
Maintenance,  and Pro tec t ion  f r o m  Cor ros ion  of Plant  in the Chemical  Industry [in Russ ian] ,  No. 2, 
NIIT]~KhIM, Moscow (1968). 

7. G . I .  Razva lov  and B. M. Azizov, Izv. Vyssh.  Uchebn. Zaved. ,  Khim. Khim. ~ekhnol. ,  No. 4, 15 (1972). 
8. V . M .  Kise lev  and A. A. Noskov,  Zh. P r ik l .  K h i m . ,  No. 7, 40 (1967). 
9. B . P .  Volgin, Proceed ings  of the S. M. Ki rov  Ura l  Polytechnic Insti tute [in Russ ian] ,  No. 205 (1972). 

10. Mis se ,  Vopr .  Raketn.  T e k h . ,  2(26) (1955). 
11. A . S .  Lyshevsk i i ,  Izv .  Vyssh .  Uchebn. Z a v e d . ,  M a s h i n o s t r . ,  No. 5 (1964). 
12. E.  Kamke ,  Handbook of Ord inary  Dif ferent ia l  Equat ions ,  Akad. V e r l .  - ,Ges .  Geest  und Por t ig ,  Leipzig  

(1959). 
13. A.T. Litvinov, Inzh.-Fiz. Zh., 11, No. 5 (1966). 
14. G.E. Skvortsov, Inzh.-Fiz. Zh., 7_, No. 5 (1964). 
15. S.V. Ananikov, Author's Abstract of Candidate's Dissertation, S. M. Kirov Institute of Chemical 

Technology, Kazan' (1971). 
16. C.E. Lapple and C. B. Shepherd, Ind. Eng. Chem., 32, No. 5 (1940). 
17. L.I .  Sedov, Similarity and Dimensional Methods in Mechanics, Academic Press (1959). 

T W O - P H A S E  F L O W S  W I T H  F R I C T I O N  

G .  V .  Z h i z h i n  UDC 532.526 

Resul t s  a r e  p re sen ted  of a study of the equations of one-d imens iona l  s teady two-phase  f lows,  
taking account  of f r ic t ion  with the channel  wal ls .  

w One-d imens iona l  s teady flows of a wet vapor  in the rmodynamic  equi l ibr ium a r e  studied.  The t h e r -  
m a l  conductivi ty of the vapor ,  the volume of the liquid phase ,  and the d i f ference  between the phase  veloci t ies  
a r e  not taken into account.  

It  is  a s s u m e d  that  f r ic t ion  is the only uncompensated  ex te rna l  action on the flow. These  flows belong 
to the c lass  of flows with one in te rna l  degree  of f r e edom [1] --  the phase  t rans i t ion  --  and one ex te rna l  action 
- -  f r ic t ion .  

The effect  of f r ic t ion  appea r s  to one degree  o r  another  in al l  motions of two-phase  media  in channels .  
The p r e s s u r e  drop  in a channel due to the p e r f o r m a n c e  of work against  f r ic t ion is  an impor tant  engineering 
c h a r a c t e r i s t i c .  Many e m p i r i c a l  re la t ions  a r e  known for  calculat ing the p r e s s u r e  loss  due to fr ic t ion [2]. 
However ,  each  of these  has a l imi ted range  of applicat ion and does not re f lec t  the dynamics  of the flow of a 
wet vapor .  It is  of i n t e r e s t  to study the appropr i a t e  di f ferent ia l  equations to de te rmine  the genera l  quali tat ive 
c h a r a c t e r  of flows of a wet vapo r  acted upon by f r ic t ional  fo rces  following any r e s i s t ance  laws for  all  poss ib le  
values  of the p a r a m e t e r s  of a two-phase  med ium compat ib le  with the conditions of the p rob lem posed.  

The r e su l t s  of the analys is  can be applied to the li t t le studied but p rac t ica l ly  impor tan t  theore t ica l  p rob-  
l em of the efflux of a s e l f - evapora t ing  liquid. This  flow i s, on the whole, nonequi l ibr ium,  bu t  for  a sufficiently 
long channel it has a quas iequi l ibr ium boundary region of wet vapor  [3]. The c r o s s - s e c t i o n a l  a r e a  of the chan-  
nel occupied by the wet vapo r  and a lso  i ts  m a s s  flow ra te  va ry  f rom sect ion to sect ion as a r e su l t  of the v ap o r -  
izat ion of the me tas t ab le  liquid at the cen te r  of the channel .  The t e m p e r a t u r e  of the liquid r ema ins  p r a c t i -  
cal ly  constant  [3], and it  will be shown l a t e r  that  this leads to the compensa t ion  of the geomet r i c  action of the 
emerg ing  s t r e a m  on the flow of wet vapor  in the boundary region.  The equations descr ib ing  this flow a re  the 
s a m e  as the equations of equi l ibr ium two-phase  flow with f r ic t ion.  

w The equations of continuity,  mot ion ,  and energy  cor responding  to the equi l ibr ium flow of a wet 
vapor  in a channel of constant  c r o s s  sec t ion  have the f o r m  
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Fig. 1. Phase d iagram of flow. 

dp + du - 0 ,  (1) 
9dx udx 

dP du dL 
a--; + ou ~ + o~ ~-x = 0, (2) 

dT du r d •  = O. (3) 
cp-&x + U-dxx + dx 

The equation of continuity for  the boundary region of a wet vapor formed in the outflow of a se l f -evapora t -  
ing liquid has the form 

dp du dA dG 
- -  - -  (3a) 
pclx -t- ~ ~ Adx 6dx 

The total mass  flow rate through a channel of c ros s - sec t iona l  a rea  S (assumed constant) is 

60 = Aou + (S - -  A) 92u2. 

If it is assumed that the heat flux result ing from the tempera ture  drop between the liquid and the wet 
vapor is all expended in evaporating the metastable  liquid, the velocity of the liquid is constant ,  since the 
stagnation enthalpy and the t empera tu re  of the liquid are  not changed. Therefore ,  the total flow rate of the 
mixture is G o = SP2u2; i . e . ,  pu = 02u2. In addition, u2P 2 dA/dx = dG/dx, and, consequently,  (dA/dx)= dG/dx, 

Thus Eq. (3a) is the same as (3). The equations of motion and energy (2) and (3) also retain their  form 
for  the flow of wet vapor in the effIux of a se l f -evaporat ing liquid. The sys tem (1)-(3) together with the Cla-  
peyron--Clausius  equation 

dP _ rPt (4) 
dT T 

and the equation of state of an ideal gas 

can be solved for the derivat ives 

whe re 

dP dpa _ dT (5) 
P-~x + pldx "Tdx 

d ~  _ ~ F~ g dL i =  1 - -6 ,  (6) 
dx ~ F a~ d x '  

~-1=ul; ~==9; ~a=P;  ~4=• ~ = T ;  ~6=M~; F l = - - z f , ;  F 2 = - F , ;  
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u < f f e  ~/=ffe ff >~7 e Jr U > a  e u ae, ' U<ee x 

Fig. 
X 

2. In tegra l  cu rves  cor responding  to var ious  ts~pes of 
flow. 

F3 = 7 •  y •  7 - -  1 f3; F4 = ax[,; F~=e• F ,=  --• - -  2• F = yM~f~ y - - i  [a; 

[ l = a z + n ( 7 _ 1 7  - - a ) ;  [* = (7 - - 1 )  M~ (7 --1Y - - a ) - - a ;  [8 = ( ? - -  I)aM~ -L, x; a - -  
Tcp 

is  the d imens ion less  t e m p e r a t u r e  of the medium;  a~o = ~ is  the sound speed in a two-phase  medium for  an 
infinite f requency of the sotmd v ibra t ions  [41; and Moo = u/aoo. 

If we in t roduce a new independent reduced length va r i ab le  or iented along the channel 

L 

.f Y dL, (7) 

0 

the las t  th ree  equations of s y s t e m  (6) f o r m  an independent s y s t e m  of o rd inary  di f ferent ia l  equations [5]: 

d• F4(x, {1, M~) da Fs(• a, M~) 
- - ~  , - - ( t  o 

dx F(• a, M~) d Z F(• a, MI), 

d X F (• o, M~) 

(8) 

w Analys is  of the solut ions of s y s t e m  (8), as in [6] which is devoted to the study of nonequil ibr ium 
two-phase  flow, is  p e r f o r m e d  in t h r e e - d i m e n s i o n a l  phase  space  with the c~176  M2~, a,  and x .  The t r a -  
j ec to r i e s  of this Space r e p r e s e n t  the solutions of s y s t e m s  (8) and (6). 

We de te rmine  the "ze ro"  s u r f ace s  on which the de r iva t ives  of Eqs.  (8) and (6) vanish.  These  su r faces  
a r e  the following: the su r face  f 2  = 0 ,  which p a s s e s  through the axis M 2 = 0, o = 0, asympto t ica l ly  approaching 
the plane a = 1 (Fig. 1); on this su r face  dx /d•  = 0; the plane ~ = 0 on which d~/d• = dz./dx = 0; the plane M~ =0 
on which dM2/d•  = 0; the plane • = 0 on which dM2/d  X = dcr/d X = d~/dX = 0. This  plane is the se t  of equi l ibr ium pos i -  
tions of the s y s t e m ,  s table  for  M2~ < cr/[7--~(T --1)],  and unstable fo r  M~ > (T/[7--~(y--1)].  The remain ing  
"ze ro"  su r f ace s  lie outside the pos i t ive  oct, ant of phase  space  bounded by the plane x = 1. 

Since the equi l ibr ium posi t ions  of s y s t e m  (8) fo rm a plane in t h r ee -d imens iona l  phase  space ,  the t r a j e c -  
to ry  is  a s t r a igh t  line [7] in the neighborhood of each equi l ibr ium posi t ion.  Along these  t r a j e c t o r i e s  the point 
r ep re sen t ing  the s ta te  of the s y s t e m  approaches  the equi l ibr ium posi t ion asympto t ica l ly  or  moves  away f rom 

i t .  

Points on the su r f ace  F (n ,  a ,  M 2) = 0 a r e  s ingular ;  at these  points the der iva t ives  of s y s t e m  (8) and (6) 
have two-s ided  infinite discont inui t ies .  This  co r r e sponds  to the " c r i s i s "  phenomenon of s teady flow --  the 
exis tence  of l imit ing s ta tes  at the channel exit  where  the flow veloci ty  becomes  equal to the local  sound veloci ty 
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[8]. Within the f ramework  of the problem posed on equilibrium two-phase flow the frequency of vibrations 
propagating in the s t r eam must  be ra ther  smal l .  In this case the sound speed in wet vapor must  be calculated 
for  zero  frequency of the sound vibrat ions.  Such an equilibrium sound speed is calculated in [9, 10, 4]: 

• (RT)'/2 
ae~-[(1__2o,,__1)• (9) 

? , ? J 

Substituting Eq. (9) into the equation F(~, a, M 2) = 0 actually shows that the flow velocity u in the sec- 
tion where F = 0 is equal to the equilibrium sound velocity a e. 

The surfaces f2 = 0 and F = 0, which intersect along the line l, divide the phase space into four regions, 

in each of which the directions of change of the phase coordinates along the channel are specified in Fig. I by 
arrows at the surfaces. Regions I and HI correspond to flows with evaporation of drops of liquid in the wet 
vapor and regions II and IV, to flows with condensation of vapor on drops for supersonic and subsonic veloc- 
ities, respectively. 

It is easy to see from Fig. 1 that there are three types of qualitatively different phase-space trajectories 
(a, b, c). These three types of trajectories are separated by limiting curves s I and s 2 forming limiting sur- 
faces S I and S 2. For a sufficiently long channel trajectories a and b bring both supersonic and subsonic flows 
to "crisis. " Supersonic flows along trajectories a and subsonic flows a]ong trajectories b are accompanied by 
evaporation of drops of liquid. In subsonic flows along trajectories a and supersonic flows along trajectories 
b the flows produce condensation of vapor in the approach to "crisis. " Trajectories c correspond to super- 
sonic flows from positions of unstable equilibrium of the system to positions of stable equilibrium. If a dis- 
continuous transition does not occur in subsonic flows, a flow "crisis" does not arise for channels of any lel~gth. 

The limiting curves  s 2 a re  different in that when they reach the s ingular  surface F = 0 the derivative 
d~/dx has a one-sided discontinuity. The limiting curve s t does not reach the surface  F = 0, but goes to infin- 
ity along the coordinate a. Par t s  of the phase-space  t ra jec tor ies  in the vicinity of the plane ~ = 0 have no 
physical  meaning,  since two-phase flows with a vapor content close to zero  do not have a d isperse  s t ruc ture  
and a re  not descr ibed by Eqs.  (1)-(3). 

Graphs of the variat ion of the flow pa ramete r s  along the charac te r i s t i c  t ra jec tor ies  a,  b, c are  shown 
in Fig. 2. It is c lear  f rom these curves  that in supersonic flows the velocity dec reases ,  and the p r e s s u r e ,  
t empera tu re ,  and density of the medium are increased;  in subsonic flows the velocity inc reases ,  and the p r e s -  
sure ,  t empera tu re ,  and density dec rease .  

w Study showed that independently of the laws of res is tance  for the flow of an equilibrium disperse  two- 
phase s t r eam there  are  only five different types of supersonic flow (trajectories a,  b, c,  s t, s 2) and three types 
of subsonic flows ( trajectories a ,  b, s2). The cha rac t e r  of the variat ion of the pa rame te r s  of the medium -- 
velocity,  p r e s s u r e ,  density,  and tempera ture  --  for  all types of flew are  the same as in uniform flows with 
fr ict ion.  The essent ia l  difference between the two-phase flows considered and one-phase flows is the poss ibi l -  
ity of supersonic  flow without c r i s i s  ( t rajectory c). This proper ty  becomes important  in the study of s t reams  
of a se l f -evaporat ing liquid. The effect on the flow of a two-phase medium with one internal  degree of f r ee -  
dom -- phase t ransi t ion -- leads to evaporation of the liquid in the vapor in supersonic  flows for velocities 

u > r  r 7 T and in subsonic flows for  velocit ies u<T r 7 . If these conditions a re  not 
c~ 7--I 7--i ~ 

satisfied, vapor condenses. The rule mentioned holds also for flows of wet vapor formed in a stream of self- 
evaporating liquid. 

NOTATION 

p, u, T, density,  velocity,  and tempera tu re  of medium; Pl, P, vapor  density and p re s su re ;  r ,  Cp, heat 
of phase t ransi t ion and specific heat of vapor at constant p res su re ;  ~,  L, vapor content at outlet and work of 
s t r eam against friction; x, independent var iable  oriented along channel; A, G, c ros s - sec t iona l  a rea  of channel 
occupied by wet vapor  and its flow rate;  P2, u2, density and velocity of metastable liquid; S, c ros s - sec t iona l  
a rea  of channel; T, adiabatic index of dry  vapor;  R, specific gas constant; ae,  equilibrium speed of sound. 

63 



L I T E R A T U R E C I T E D  

1. L . I .  Sedov, P r ik l .  3Z~at. Mekh . ,  32, No. 6 (1968). 
2. I zmg-sun  Tong,  Boiling Heat T r a n s f e r  and T w o - P h a s e  Flow, Wiley,  New York  (1965). 
3. V . A .  Bar i lov ich ,  V. V. Batuev,  V. A. Zysin ,  T.  N. Pa r fenova ,  and S. G. Platonova,  in: Power  

Machinery  Const ruct ion.  P roceed ings  of the Leningrad Polytechnic Inst i tute [in Russian] ,  No. 316, 
Mashinos t roen ie ,  Leningrad (1970). 

4. P . P .  Vegener  and L. M .  Mak, in. P r o b l e m s  of Mechanics [in Russian] ,  No. 4, Moscow (1961). 
5. L . S .  Pont ryagin ,  Ord inary  Dif ferent ia l  Equat ions ,  Addison-Wesley ,  Reading (1962). 
6. L . A .  Vulis ,  P.  L. Gusika ,  and G. V. Zhizhin,  Zh. P r ik l .  Mekh. Tekh.  Fiz . ,  No. 5, 143 (1972). 
7. H. Po incar~ ,  Curves  De te rmined  by Dif ferent ia l  Equations [Russian t rans la t ion] ,  G I T T L ,  Moscow-- 

Leningrad (1947). 
8. L . A .  Vulis ,  T h e r m o d y n a m i c s  of  Gas Flows [in Russ ian] ,  GosSnergoizdat ,  Moscow (1950). 
9. S . J .  Reed ,  J .  Chem. P h y s . ,  No. 20 (1952). 

10. R . D .  Buhler ,  Condensation of A i r  Components  in Hypersonic  Wind Tunnels ,  Cal i fornia  Inst i tute of Tech -  
nology,  Pasadena  (1952). 

ASYMMETRY OF THERMOGRAVITATIONAL CONVECTION 

P. F. Zavgorodni i ,  I. L. Povkh, 
G. M. Sevos t 'yanov,  and N. S. Sidel 'nikova 

UDC 536.252:532.781 

The na ture  and intensi ty  of  convect ive  mot ion in a r ec t angu la r  region with moving boundaries  
of the sol idif icat ion f ront  a r e  studied by the f in i te -d i f fe rence  method.  

T h e r m a l  convect ion in regions  with moving boundar ies  of the sol idif icat ion f ront ,  i ts  na ture ,  and intensi ty 
have an impor tan t  effect  on heat and m a s s  t r a n s f e r  in the liquid phase ,  on the redis t r ibut ion  of an admixture  in 
the solid c r u s t ,  and on the m a c r o s t r u c t u r e  of the finished cas t ing .  The t h r ee -d imens iona l  p rob lem of unsteady 
t h e r m a l  convect ion in a r ec t angu la r  p r i s m  was formula ted  and solved in [1]. The plane case  of t he rma l  con-  
vect ion was analyzed in [2] and that  fo r  a cy l indr ica l  reg ion ,  in [3]. The cons iderable  d ivergence  in the ca l -  
culated r e su l t s  and in some  c a s e s  the contradic t ion of the conclusions indicate  the necess i ty  of fu r the r  study of 
this  p rob lem with the a i m  of c lar i fy ing the de te rmin ing  f ac to r s  of the p roce s s  of t h e r m a l  convection.  

A region of r ec tangu la r  c r o s s  sec t ion ,  semiinf ini te  along the coordinate  *?2, was chosen for  study in the 
p r e s e n t  r e p o r t .  The region is  fi l led with a s t a t ionary  homogeneous mel t  with an init ial  t e m p e r a t u r e  T o higher 
than i ts  c rys t a l l i za t ion  t e m p e r a t u r e .  

P roceed ing  f r o m  the assumpt ion  that  the ve r t i c a l  axis 073 is the axis of s y m m e t r y  of the convect ive 
s t r e a m s ,  one of the halves  of the region under  cons idera t ion  is r ep re sen t ed  in Fig.  1. The dimensions  in the 
d i a g r a m  a re  r e l a t ive ,  with the hor izonta l  width being taken as the cha rac t e r i s t i c  s i ze ,  so that l~ = 1. 

At a t ime  z > 0 the t e m p e r a t u r e  of the boundar ies  of the region is abrupt ly reduced to the c rys ta l l i za t ion  
t e m p e r a t u r e ,  as a r e su l t  of which the solid phase  is formed at the pe r iphe ry .  The solidif icat ion front  is a s -  
sumed to be plane.  The d imensions  of the Hquid phase  along the coordinates  Vl and 773 and the th ickness  of the 
top c r u s t  a r e  a s s u m e d  to be known functions of t ime:  

~, = 1 - kl V ~ ;  ~3 = 13 - k2 V Y ~ ,  H = k3 V % ,  (1) 

where  k 1, k2, and k 3 a r e  sol idif icat ion coeff ic ients .  

In the Bouss inesq  approximat ion  the ini t ial  s y s t e m  of equations in d imens ion less  vec to r  f o r m  is wri t ten 
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